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Abstract. This article is devoted to the multiplicative perturbation analysis of the generalized

Cholesky block downdating problem. The strong rigorous multiplicative perturbation bounds

are first presented by bringing together the modified matrix-vector equation approach with the

technique of Lyapunov majorant function and the Banach fixed point theorem. Then, the weak

rigorous multiplicative bounds are developed by using the matrix-equation approach. Numerical

results demonstrate that these bounds are constantly tighter than the additive perturbation bounds.

1. Introduction

Suppose that A ∈ R
m×m
m is symmetric positive definite, B ∈ R

n×m
n , and C ∈ R

n×n

are symmetric positive and semi-definite, then the symmetric quasi-definite matrix K ∈
R

(m+n)×(m+n) can be expressed as

K =

[

A BT

B −C

]

. (1.1)

The matrix K always has the generalized Cholesky factorization

K = LJm+nLT, (1.2)

where

L =

[

L11 0

L21 L22

]

, Jm+n =

[

Im 0

0 −In

]

,

L11 ∈ R
m×m
m , L22 ∈ R

n×n
n are lower triangular and L21 ∈ R

n×m
n . From (1.2), it can be

simply verify that

A = L11LT
11, B = L21LT

11, C + L21LT
21 = L22LT

22.
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If the diagonal elements of the lower triangular matrices, L11 and L22 are positive, the

factorization (1.2) is unique and L is known as the generalized Cholesky factor [1].

In this paper, we consider the generalized Cholesky block downdating problem

(GCBD)

LJm+nLT −YY T = VJm+nV T. (1.3)

Given that K is the same as in (1.1) and Y =
(

Y T
m ,Y T

n

)

∈R
m+n×k , find a lower triangular

matrix

V =

[

V11 0

V21 V22

]

∈ R
(m+n)×(m+n),

where V11 ∈ R
m×m
m , V22 ∈ R

n×n
n are lower triangular with positive elements and V21 ∈

R
n×m
n . From [2, Corollary 1], it is simply to show that when

∥

∥L−1Y
∥

∥

2
< 1 the GCBD

problem (1.3) is always exists and the matrix V is known as the GCBD factor. More-

over, in this case

A−YmY T
m = V11V T

11, B−YnY
T
m = V21V T

11, C +V21V
T
21 +YnY T

n = V22V T
22.

This problem is reduced to the Cholesky block downdating problem if we choose

K = A , i.e., B and C are nonexistent. The Cholesky block downdating problem

has acquired remarkable consideration, and its special case, i.e., single downdating

(Y ∈ R
m×1) , has been extensively studied in the literature; see [3, 4, 5, 6, 7, 8, 9, 10]

for details. Additive perturbation and multiplicative perturbation are the two distinc-

tive types of perturbation models of matrix factorizations. The additive perturbation

analysis for the GCBD problem has been considered in [11, 12].

Obviously, an additive perturbation can be obtained from the multiplicative pertur-

bation, but the derived additive perturbation bounds will destroy the unique structures

of multiplicative perturbations and lose their tendency [13]. Since the matrix scaling

technique is often employed to provide better-conditioned problems [13], the multi-

plicative perturbation has received significant attention, and has some elements of in-

terest compared with the additive perturbation; see [13, 14, 15, 16, 17] and references

therein. Until now, there has been no work on the multiplicative perturbation bounds

for the GCBD problem. So, it is interesting to introduce the multiplicative perturbation

bounds for the GCBD problem.

Particularly, for (1.3), we assume two types of multiplicative perturbation matri-

ces, W = 1m+n +N on L : (1) W = Im+n +N is a general matrix; (2) W = Im+n +N is a

lower triangular matrix. The rest of the paper is organized as follows: In Section 3, we

will develop the strong rigorous multiplicative perturbation bounds by using the modi-

fied matrix-vector equation approach [13, 18, 19, 20], the Lyapunov majorant function

(e.g., [11, Chapter 5]), and the Banach fixed point theorem (e.g., [11, Appendix 5]).

Moreover, we will use the matrix-equation approach [21] to derive the weak rigorous

multiplicative bounds in Section 4. These bounds will be less expensive to compute as

compared to the strong, rigorous multiplicative perturbation bounds. Section 2 provides

some useful notation and preliminary knowledge. Finally, we provide some numerical

experiments to verify the theoretical results, and we show the numerical comparison

between the multiplicative rigorous perturbation bounds and the additive rigorous per-

turbation bounds [11, 12] for the GCBD problem in Section 5.
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2. Preliminaries

Some notations can be endorsed in [21] to make the presentation apparent. We

still illustrate them here to make easier for readers.

The Frobenius norm and spectral norm for a given matrix Z = (zi j) ∈ R
m×n are

denoted by ‖Z‖F and ‖Z‖2 , respectively. The following inequalities hold for these two

matrix norms; see [22] for details.

‖QRS‖2 6 ‖Q‖2 ‖R‖2 ‖S‖2 , ‖QRS‖F 6 ‖Q‖2 ‖R‖F ‖S‖2 , (2.1)

whenever the matrix product QRS is well-defined.

For any matrix Z = [z1,z2, . . . ,zn] = (zi j) ∈ R
n×n , denote the vector of the last i

elements of z j by z
(i)

j and define

lvec(Z) :=













z
(n)
1

z
(n−1)
2

...

z
(1)
n













∈ R
v1 , vec(Z) :=











z1

z2

...

zn











∈ R
n2

, slt (Z) :=















0 0 0 · · · 0

z21 0 0 · · · 0

z31 z32 0 · · · 0
...

...
...

. . .
...

zn1 zn2 · · · zn,n−1 0















,

low(Z) :=











1
2 z11 0 · · · 0

z21
1
2 z22 · · · 0

...
...

. . .
...

zn1 zn2 · · · 1
2 znn











, lt (Z) :=











z11 0 · · · 0

z21 z22 · · · 0
...

...
. . .

...

zn1 zn2 · · · znn











,

sut(Z) = slt(ZT)T , and diag(Z) = diag(z11,z22, . . . ,znn) , where v1 = n(n+1)
2

. Using the

structures of these operators, we have

lvec(Z) = ℵlvecvec(Z), vec(lt(Z)) = ℵltvec(Z), vec(low(Z)) = ℵlowvec(Z),
(2.2)

where

ℵlvec = diag(G1,G2, · · · ,Gn) ∈ R
v1×n2

, Gi =
[

0n−(i−1)×(i−1), In−(i−1)

]

∈ R
n−(i−1)×n,

ℵlt = diag
(

Ĝ1,Ĝ2, · · · ,Ĝn

)

∈ R
n2×n2

, Ĝi = diag
(

0(i−1)×(i−1), In−(i−1)

)

∈ R
n×n,

ℵlow = diag
(

G̃1,G̃2, · · · ,G̃n

)

∈ R
n2×n2

, G̃i = diag
(

0(i−1)×(i−1),1/2, In−i

)

∈ R
n×n.

Moreover,

ℵlvecℵT
lvec = Iv1

, ℵT
lvecℵlvec = ℵlt. (2.3)

Let lvec† : R
v1 →R

n×n be the right inverse of the operator ‘lvec’ such that lvec· lvec† =
1v1×v1

and lvec† · lvec = lt . Then the matrix of the operator ’lvec’ is ℵT
lvec . That is,

lvec†(Z) = ℵT
lvecvec(Z) .
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Let Dn ∈ R
n×n be the set of diagonal matrices with positive diagonal elements.

Then, for any Dn = diag(σ1,σ2, . . . ,σn) ∈ Dn , it follows that

low(ZDn) = low(Z)Dn, low(DnZ) = Dnlow(Z). (2.4)

Moreover, from [23, Lemma 5.1], we have

∥

∥low(Z)+ Dnlow
(

ZT
)

D−1
n

∥

∥

F
6

√

1 + ς2
Dn
‖Z‖F , (2.5)

where ςDn = max
16i< j6n

{σ j/σi} . From [21], we have

‖low(Z)‖F 6 ‖Z‖F . (2.6)

If Z is symmetric, then

‖low(Z)‖F 6
1√
2
‖Z‖F . (2.7)

Also, we have
∥

∥low
(

Z + ZT
)∥

∥

F
6
√

2‖Z‖F . (2.8)

The Kronecker product between Z = (Zi j)∈R
m×n and X ∈R

p×q is defined as Z⊗X =
[zi jX ] ∈ R

mp×nq . Some useful results of the Kronecker product are listed below [24]:

vec(ZCX) = (XT ⊗Z)vec(C) , (2.9)

Πvec(Z) = vec
(

ZT
)

, (2.10)

‖X ⊗Z‖2 = ‖X‖2‖Z‖2, (2.11)

(X ⊗Z)(B⊗C) = (XB⊗ZC), (2.12)

(X ⊗Z)−1 = X−1 ⊗Z−1, if X and Z are nonsingular, (2.13)

where B and C are of suitable orders.

3. Strong rigorous multiplicative perturbation bounds

Let us consider that the matrices L , Y and V in (1.3) are perturbed as

L → LW, Y → YU, V → ∆V,

where W = Im+n + N ∈ R
(m+n)×(m+n) , U = Im+n + M ∈ R

(m+n)×(m+n) and ∆V ∈
R

(m+n)×(m+n) is a lower triangular matrix with positive diagonal elements. Therefore,

the perturbed form of (1.3) is

(V + ∆V)Jm+n(V + ∆V)T = (Im+n + N)LJm+nLT (Im+n + N)T

− (Im+n + M)YY T (Im+n + M)T . (3.1)
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Extending (3.1) and using (1.3), we have

VJm+n(∆V )T +(∆V)Jm+nV T =N
(

LJm+nLT
)

+
(

LJm+nLT
)

NT −M
(

YY T
)

−
(

YY T
)

MT

+ N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T.
(3.2)

Premultiplying (3.2) by V−1 and right postmultiplying it by V−T lead to

Jm+n(∆V )TV−T +V−1(∆V )Jm+n

=V−1
(

N
(

LJm+nLT
)

+
(

LJm+nLT
)

NT
)

V−T −V−1
(

M
(

YY T
)

+
(

YY T
)

MT
)

V−T

+V−1
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
)

V−T. (3.3)

As performed in [8, 9, 11, 14], from (3.3), we have

V−1∆VJm+n = low
(

V−1
(

N
(

LJm+nLT
)

+
(

LJm+nLT
)

NT
)

V−T
)

− low
(

V−1
(

M
(

YY T
)

+
(

YY T
)

MT
)

V−T
)

+ low
(

V−1
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
)

V−T
)

.
(3.4)

Applying the operator ‘vec’ to (3.4), and noting (2.2), (2.9) and (2.10), we get

(

JT
m+n ⊗V−1

)

vec(∆V )

=ℵlow

((

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π
)

vec(N)

−ℵlow

((

V−1(YY T)T ⊗V−1
)

+
(

V−1 ⊗V−1
(

YY T
))

Π
)

vec(M)

+ ℵlow

(

V−1 ⊗V−1
)

vec
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
)

.

As performed in [8, 9, 11, 14], we can obtain

vec(∆V ) =
(

J−T
m+n ⊗V

)

ℵlow

((

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π
)

vec(N)

−
(

J−T
m+n ⊗V

)

ℵlow

((

V−1(YY T)T ⊗V−1
)

+
(

V−1 ⊗V−1
(

YY T
))

Π
)

vec(M)

+
(

J−T
m+n ⊗V

)

ℵlow

(

V−1 ⊗V−1
)

×vec
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
)

, (3.5)

and show that (3.5) is equivalent to

lvec(∆V ) = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π
)

vec(N)

−ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1(YY T)T ⊗V−1
)

+
(

V−1 ⊗V−1
(

YY T
))

Π
)

vec(M)

+ ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

(

V−1 ⊗V−1
)

vec
(

N
(

LJm+nLT
)

NT

−M
(

YY T
)

MT −∆VJm+n(∆V )T
)

. (3.6)
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As a matter of convenience, suppose

QLM = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π
)

QY = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1(YY T)T ⊗V−1
)

+
(

V−1 ⊗V−1
(

YY T
))

Π
)

RV = .ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

(

V−1 ⊗V−1
)

. (3.7)

Then, (3.6) becomes

lvec(∆V ) = (QLM vec(N)−QY vec(M)

+RV vec
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
))

. (3.8)

Thus, applying the operator ‘lvec † ’ to (3.8) yields

∆V = lvec † (QLM vec(N)−QY vec(M)

+RV vec
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
))

. (3.9)

We will derive the rigorous multiplicative perturbation bound for ∆V using the method

of the Lyapunov majorant function and the Banach fixed point theorem based on the

operator equation (3.10) as shown in [8, 9, 11, 14]. The equation (3.9) can be written

as an operator equation for ∆V :

∆V = Φ(∆V,N,M)

= lvec† (QLM vec(N)−QY vec(M)

+RV vec
(

N
(

LJm+nLT
)

NT −M
(

YY T
)

MT −∆VJm+n(∆V )T
))

. (3.10)

Suppose that H ∈ R
(m+n)×(m+n) is lower triangular with positive diagonal ele-

ments and has the same structure as that of ∆V , ‖H‖F 6 η for some η > 0, ‖N‖F = σ1

and ‖M‖F = σ2 . Then it follows from the definition of the operator ‘lvec† ’ and (2.1)

that

‖Φ(H,N,M)‖F 6 ‖QLM‖2 σ1 +‖QY‖2 σ2 +‖RV‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2 + η2
)

. (3.11)

Using (3.11), we get the Lyapunov majorant function of the operator equation (3.10)

q(η ,σ1,σ2) = ‖QLM‖2 σ1 +‖QY‖2 σ2 +‖RV‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2 + η2
)

and the Lyapunov majorant equation

q(η ,σ1,σ2) = η , i.e.

‖QLM‖2 σ1 +‖QY‖2 σ2 +‖RV‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2 + η2
)

= η . (3.12)

Suppose that σ1 ,

σ2 ∈ Ω =
{

σ1,σ2 > 0 : 1−4‖RV‖2

(

‖QLM‖2 σ1 +‖QY‖2 σ2

+‖RV ‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2

))

> 0
}

.
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Then, the equation (3.12) has two nonnegative roots: η1 (σ1,σ2) 6 η2 (σ1,σ2) with

η1 (σ1,σ2) = f (σ1,σ2)

=
2
(

‖QLM‖2 σ1+‖QY‖2 σ2+‖RV ‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2

))

1+
√

1−4‖RV‖2

(

‖QLM‖2 σ1+‖QY‖2 σ2+‖RV‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2

))

.

Let the set A(σ1,σ2) be A(σ1,σ2) = {H ∈ R
(m+n)×(m+n) : H has the same structure

as that of ∆V and ‖H‖F 6 η} , which is closed and convex. Furthermore, we can

simply verify that the operator Φ(·,N,M) maps the set A(σ1,σ2) into itself for H,H̃ ∈
A(σ1,σ2) ,

‖Φ(H,N,M)−Φ(H̃,N,M)‖F 6 q′η ( f (σ1,σ2) ,σ1,σ2)‖H − H̃‖F .

Since the derivative of the function q(η ,σ1,σ2) relative to η at f (σ1,σ2) satisfies

q′η ( f (σ1,σ2) ,σ1,σ2)

= 1−
√

1−4‖RV‖2

(

‖QLM‖2 σ1 +‖QY‖2 σ2 +‖RV‖2

(

‖L‖2
2σ2

1 +‖Y‖2
2σ2

2

))

< 1,

when σ1,σ2 ∈Ω1 = {σ1,σ2 > 0 : 1−4‖RV‖2(‖QLM‖2σ1 +‖QY‖2σ2 +‖RV‖2(‖L‖2
2σ2

1 +
‖Y‖2

2σ2
2 )) > 0} . Then the operator Φ(·,N,M) is contractive on the set A(σ1,σ2)

for σ1,σ2 ∈ Ω1. Thus, from the Banach fixed point theorem, we have that the oper-

ator Equation (3.10), i.e. the matrix equation (3.2), has a unique solution in the set

A(σ1,σ2) . As a result, ‖∆V‖F 6 f (σ1,σ2) for σ1,σ2 ∈ Ω1 . We summarize these

results in the following theorem.

THEOREM 3.1. Given a lower triangular matrix L ∈ R
(m+n)×(m+n) with positive

diagonal elements and a matrix Y ∈ R
(m+n)×k such that the generalized Cholesky fac-

torization VJm+nV T = LJm+nLT −YY T holds. Suppose W = Im+n+ N ∈ R
(m+n)×(m+n)

and U = Im+n + M ∈ R
(m+n)×(m+n) . If

‖RV‖2

(

‖QLM‖2 ‖N‖F +‖QY‖2 ‖M‖F +‖RV‖2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

))

<
1

4
,

(3.13)

then the following generalized Cholesky factorization holds:

(V + ∆V)Jm+n(V + ∆V)T

= LW (LW )T −YU(YU)T,

= (Im+n + N)LJm+nLT (Im+n + N)T − (Im+n + M)YY T (Im+n + M)T ,

and

‖∆V‖F

6
2
(

‖QLM‖2 ‖N‖F+‖QY‖2 ‖M‖F+‖RV‖2

(

‖L‖2
2‖N‖2

M+‖Y‖2
2‖M‖2

F

))

1+
√

1−4‖RV‖2

(

‖QLM‖2 ‖N‖F+‖QY‖2 ‖M‖F+‖RV‖2

(

‖L‖2
2‖N‖2

F+‖Y‖2
2‖M‖2

F

))

(3.14)

6 2
(

‖QLM‖2 ‖N‖F +‖QY‖2 ‖M‖F +‖RV‖2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

))

. (3.15)
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Proof. It is absolutely not difficult to check that the condition (3.13) is the same

as the one in Ω1 . So, (3.14) and thus (3.15) hold. �

REMARK 3.2. The resulting first order multiplicative perturbation bound can be

obtained from (3.15) by neglecting high-order terms

‖∆V‖F 6 ‖QLM‖2 ‖N‖F +‖QY‖2 ‖M‖F

= ‖QLM‖2 ‖W − Im+n‖F +‖QY‖2 ‖U − Im+n‖F . (3.16)

We used W = Im+n + N as a general matrix in the previous analysis. Next, we choose

W = Im+n +N as a lower triangular matrix. Thus, from (3.10), (2.2) and (2.3), it follows

that

lvec(∆V ) =
(

QLT lvec (N)−QY vec(∆Y )

+ RV vec
(

N(LJm+nLT)NT −M(YY T)MT −∆VJm+n(∆V )T
))

. (3.17)

where

QLT = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π
)

ℵT
lvec. (3.18)

Based on the results of Theorem 3.1, we have the following theorem.

THEOREM 3.3. Given a lower triangular matrix L ∈ R
(m+n)×(m+n) with positive

diagonal elements and a matrix Y ∈ R
(m+n)×k such that the generalized Cholesky fac-

torization VJm+nV T = LJm+nLT −YY T holds. Suppose W = Im+n+ N ∈ R
(m+n)×(m+n)

and U = Im+n + M ∈ R
(m+n)×(m+n) . If

‖RV‖2

(

‖QLT‖2 ‖N‖F +‖QY‖2 ‖M‖F +‖RV‖2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

))

<
1

4
,

(3.19)

then the following generalized Cholesky factorization holds:

(V + ∆V)Jm+n(V + ∆V)T

= LW (LW )T −YU(YU)T,

= (Im+n + N)LJm+nLT (Im+n + N)T − (Im+n + M)YY T (Im+n + M)T ,

and

‖∆V‖F

6
2
(

‖QLT‖2 ‖N‖F+‖QY‖2 ‖∆Y‖F+‖RV‖2

(

‖L‖2
2‖N‖2

F+‖Y‖2
2‖M‖2

F

))

1+
√

1−4‖RV‖2

(

‖QLT‖2 ‖N‖F+‖QY‖2 ‖M‖F+‖RV‖2

(

‖L‖2
2‖N‖2

F+‖Y‖2
2‖M‖2

F

))

,

(3.20)

6 2
(

‖QLT‖2 ‖N‖F +‖QY‖2 ‖M‖F +‖RV‖2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

))

. (3.21)
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REMARK 3.4. By ignoring the high-order terms, we can investigate a first-order

multiplicative perturbation bound from (3.21):

‖∆V‖F 6 ‖QLT‖2 ‖N‖F +‖QY‖2 ‖M‖F

= ‖QLT‖2 ‖W − Im+n‖F +‖QY‖2 ‖U − Im+n‖F . (3.22)

4. Weak rigorous multiplicative perturbation bounds

To obtain the explicit expression of weak rigorous multiplicative perturbation bounds

for the GCBD problem, we will adopt the matrix-equation approach originated by

Chang [21] in this section.

THEOREM 4.1. Given a lower triangular matrix L ∈ R
(m+n)×(m+n) with positive

diagonal elements and a matrix Y ∈ R
(m+n)×k such that the generalized Cholesky fac-

torization VJm+nV T = LJm+nLT −YY T holds. Suppose S =
(

ST
m,ST

n

)T ∈ R
(m+n)×k and

H ∈ R
(m+n)×(m×n) be lower triangular of the following form

H =

[

H11 0

H21 H22

]

,

where H11 ∈R
m×m and H22 ∈R

n×n are lower triangular, H21 ∈R
n×m . Define N = εH

and M = εS for some ε > 0 . If

‖N‖2 < 1,

∥

∥L−1
∥

∥

2
(‖Y‖2 +‖YM‖2)

1−‖N‖2
< 1, (4.1)

then (L(Im+n + N))Jm+n (L(Im+n + N))T−(Y (Im+n + M))(Y (Im+n + M))T
has the gen-

eralized Cholesky factorization

(V + ∆V)Jm+n(V + ∆V)T

= (Im+n + N)LJm+nLT (Im+n + N)T − (Im+n + M)YY T (Im+n + M)T . (4.2)

Proof. For any |t| 6 ε from the first condition of (4.1), it follows that

‖tH‖2 6 ‖εH‖2 = ‖N‖2 < 1. (4.3)

Then L(Im+n + tH) is nonsingular. Thus, we have

(L(Im+n + tH))Jm+n (L(Im+n + tH))T − (Y (Im+n + tS))(Y (Im+n + tS))T

= (L(Im+n + tH))
(

Jm+n −ZZT
)

(L(Im+n + tH))T ,

where Z = (L(Im+n + tH))−1 (Y (Im+n + tS))= (Im+n + tH)−1
L−1(Y (Im+n + tS)) . From

(4.3) and noting (2.1), we get

∥

∥

∥
(Im+n + tH)−1

∥

∥

∥

2
6

1

1−‖tH‖2

.



540 M. SAMAR AND X. ZHU

Furthermore,

‖Z‖2 6

∥

∥L−1
∥

∥

2
(‖Y‖2 +‖tSY‖2)

1−‖tH‖2

6 µ < 1. (4.4)

Using Zeyl’s theorem on eigenvalues of Nermitian matrices (e.g., [25], pp. 181), for

the i-th eigenvalue of Jm+n −ZZT ,

λi(Jm+n)+ λmin

(

−ZZT
)

6 λi

(

Jm+n −ZZT
)

6 λi(Jm+n)+ λmax

(

−ZZT
)

.

Note that (4.4) implies λmin

(

−ZZT
)

> −µ2 . Assume the eigenvalues of a matrix be

ordered in non-decreasing order. Thus, for 0 < i 6 n ,

−1− µ2 6 λi

(

Jm+n −ZZT
)

6 −1,

and for n < i 6 m+ n,
1− µ2 6 λi

(

Jm+n −ZZT
)

6 1.

That is, Jm+n − ZZT is nonsingular and has m positive eigenvalues and n negative

eigenvalues, so is (L(Im+n+tH))Jm+n (L(Im+n+tH))T−(Y (Im+n+tS))(Y (Im+n+tS))T
.

In addition, we obtain

(L(Im+n+tH))Jm+n (L(Im+n+tH))T−(Y (Im+n+tS))(Y (Im+n+tS))T =

[

G11 GT
21

G21 −G22

]

,

where

G11 = (L11 (Im + tH11)) (L11 (Im + tH11))
T − (Ym (Im + tSm))(Ym (Im + tSm))T

G22 = (L22 (In + tH22))(L22 (In + tH22))
T − (L21 (In + tH21))(L21 (In + tH21))

T

+(Yn (In + tSn))(Yn (In + tSn))
T .

Note that

tH =

[

tH11 0

∗ ∗

]

. (4.5)

Then ‖tH11‖2 6 ‖tH‖2 < 1, which implies that (L11(Im + tH11)) is nonsingular. Thus,

G11 can be rewritten as

G11 = (L11 (Im + tH11))
(

Im −ZmZT
m

)

(L11 (Im + tH11))
T ,

where Zm = (L11(Im + tH11))
−1 (Ym(Im + tSm)) . Similar to (4.5), we can note that Zm is

the principal submatrix with order m of Z . Then, using (4.4), ‖Zm‖2 6 ‖Z‖2 6 µ < 1.
Accordingly, Im −ZmZT

m is symmetric positive definite, so is G11 . Furthermore, G22 is

clearly symmetric positive semi-definite. Thus, for each |t| 6 ε , (L(Im+n + tH))Jm+n

(L(Im+n + tH))T − (Y (Im+n + tS))(Y (Im+n + tS))T
has the generalized Cholesky fac-

torization

V (t)Jm+nV T (t) = (L(Im+n + tH))Jm+n (L(Im+n + tH))T

− (Y (Im+n + tS)) (Y (Im+n + tS))T .

Note that V (0) = V and V (ε) = V + ∆V . Then (4.2) holds. �
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THEOREM 4.2. Given a lower triangular matrix L ∈ R
(m+n)×(m+n) with positive

diagonal elements and a matrix Y ∈ R
(m+n)×k such that the generalized Cholesky fac-

torization VJm+nV T = LJm+nLT −YY T holds. Suppose W = Im+n+ N ∈ R
(m+n)×(m+n)

and U = Im+n + M ∈ R
(m+n)×(m+n). If

‖N‖2 < 1,

∥

∥L−1
∥

∥

2
(‖Y‖2 +‖YM‖2)

1−‖N‖2
< 1, (4.6)

and

(

∥

∥

(

LJm+nLT
)

V−T
∥

∥

2

∥

∥V−1N
∥

∥

F
+

∥

∥

(

YY T
)

V−T
∥

∥

2

∥

∥V−1M
∥

∥

F

+
∥

∥V−1NL
∥

∥

2

F
+

∥

∥V−1MY
∥

∥

2

F

)

<
1

2
, (4.7)

then the generalized Cholesky factorization (4.2) always exists and

‖∆V‖F 6(2+
√

2) inf
Dm+n∈Dm+n

(

√

1+ζ 2
Dκ

(

VD−1
m+n

)

)

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖F+‖Y‖2

2‖M‖F

)

+(2 +
√

2) inf
Dm+n∈Dm+n

(

κ
(

VD−1
m+n

))∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

)

.

(4.8)

Proof. Let W (t) = Im+n + tN and U(t) = Im+n + tM , for any |t| 6 ε . Using (1.3)

leads to

(L(Im+n + tN))Jm+n (L(Im+n + tN))T − (Y (Im+n + tM))(Y (Im+n + tM))T

= (L(Im+n + tN))
(

Jm+n − (L(Im+n + tN))−1
(

(Y (Im+n + tM))(Y (Im+n + tM))T
)

× (L(Im+n + tN))−T )

(L(Im+n + tN))T ,

and
∥

∥

∥
(L(Im+n + tN))−1 (Y (Im+n + tM))

∥

∥

∥

2
6

∥

∥L−1
∥

∥

2
(‖Y‖2 +‖YM‖2)

1−‖N‖2
,

and considering the results of Theorem 4.1, it follows that (4.6) holds,

(L(Im+n + tN))Jm+n (L(Im+n + tN))T − (Y (Im+n + tM))(Y (Im+n + tM))T

is positive definite and has the unique generalized Cholesky factorization, i.e.

(V + ∆V(t))Jm+n(V + ∆V(t))T

= (L(Im+n + tN))Jm+n (L(Im+n + tN))T − (Y (Im+n + tM))(Y (Im+n + tM))T , (4.9)

which, with ∆V (0) = 0 and ∆V (ε) = ∆V , implies (4.2). Using (4.9) and (1.3) leads to

(

tN
(

LJm+nLT
)

+ t
(

LJm+nLT
)

NT + t2N
(

LJm+nLT
)

NT
)

−
(

tM
(

YY T
)

+ tM
(

YY T
)

MT + t2M
(

YY T
)

MT
)

= V Jm+n(∆V (t))T + ∆V(t)Jm+nV T + ∆V(t)Jm+n(∆V (t))T.
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Pre-multiplying the above equation by V−1 and post-multiplying by V−T lead to

Jm+n(∆V (t))TV−T +V−1∆V (t)Jm+n

= tV−1N
(

LJm+nLT
)

V−T + tV−1
(

LJm+nLT
)

NTV−T + t2V−1N
(

LJm+nLT
)

NTV−T

−
(

tV−1M
(

YY T
)

V−T + tV−1
(

YY T
)

MTV−T + t2V−1M
(

YY T
)

MTV−T
)

−V−1∆V (t)Jm+n(∆V (t))TV−T. (4.10)

Since V−1∆V (t) is a lower triangular matrix. Using the symbol ‘low’ and noting (4.10),

we get

V−1∆V (t)Jm+n = low

(

tV−1N
(

LJm+nLT
)

V−T + tV−1
(

LJm+nLT
)

NTV−T

)

+ low

(

t2V−1N
(

LJm+nLT
)

NTV−T

)

− low

(

tV−1M
(

YY T
)

V−T + tV−1
(

YY T
)

MTV−T

)

− low

(

t2V−1M
(

YY T
)

MTV−T

)

− low

(

V−1∆V (t)Jm+n(∆V (t))TV−T

)

. (4.11)

Applying the Frobenius norm to (4.11) and considering (2.1), (2.7) and (2.8) yields

∥

∥V−1∆V (t)Jm+n

∥

∥

F

6
√

2
(∥

∥tV−1N
(

LJm+nLT
)

V−T
∥

∥

F
+

∥

∥tV−1M
(

YY T
)

V−T
∥

∥

F

)

+
1√
2

∥

∥

(

V−1∆V(t)Jm+n(∆V (t))TV−T
)∥

∥

F

+
1√
2

(∥

∥t2V−1N
(

LJm+nLT
)

NTV−T
∥

∥

F
+

∥

∥t2V−1M
(

YY T
)

MTV−T
∥

∥

F

)

6
√

2
(
∥

∥tV−1N
∥

∥

F

∥

∥

(

LJm+nLT
)

V−T
∥

∥

2
+

∥

∥tV−1M
∥

∥

2

∥

∥

(

YY T
)

V−T
∥

∥

F

)

+
1√
2

(

∥

∥V−1∆V (t)
∥

∥

2

F
+

∥

∥tV−1NL
∥

∥

2

F
+

∥

∥tV−1MY
∥

∥

2

F

)

. (4.12)

Assume p(t) =
∥

∥V−1∆V (t)Jm+n

∥

∥

F
and

q(t) = 2
(∥

∥tV−1N
∥

∥

F

∥

∥

(

LJm+nLT
)

V−T
∥

∥

2
+

∥

∥tV−1M
∥

∥

2

∥

∥

(

YY T
)

V−T
∥

∥

F

)

+
(

∥

∥tV−1NL
∥

∥

2

F
+

∥

∥tV−1MY
∥

∥

2

F

)

.

Then, the above equation can be rewritten as

p(t)2 −
√

2p(t)+ q(t) > 0.
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Equation (4.7), clearly shows that q(t) < 1/2, for |t| 6 ε . Therefore, p(t) 6 p1(t) or

p(t) > p2(t) , where

p1(t) =
1√
2
(1−

√

1−2q(t)) < p2(t) =
1√
2
(1 +

√

1−2q(t)). (4.13)

Note that p(t) is continuous and p(0) = 0 = p1(0) < p2(0) =
√

2. Then p(t) 6 p1(t) ,

for any |t| 6 ε . Consequently, p(ε) 6 p1(ε) , i.e.

∥

∥V−1∆V (t)Jm+n

∥

∥

F
6

1√
2
(1−

√

1−2q(t)) <
1√
2
. (4.14)

Putting t = ε in (4.11)

V−1∆VJm+n = low

(

V−1N
(

LJm+nLT
)

V−T +V−1
(

LJm+nLT
)

NTV−T

)

+ low

(

V−1N
(

LJm+nLT
)

NTV−T

)

− low

(

V−1M
(

YY T
)

MTV−T

)

− low

(

V−1M
(

YY T
)

V−T +V−1
(

YY T
)

MTV−T

)

− low

(

V−1∆VJm+n(∆V )TV−T

)

. (4.15)

Right multiplying by Dm+n ∈ Dm+n , and noting V = Dm+nV̌ and (2.4) yield

V̌−1∆VJm+n = low

(

V̌−1N
(

LJm+nLT
)

V−T + Dm+n(V̌
−1N

(

LJm+nLT
)

V−T)TD−1
m+n

)

+ low

(

V̌−1N
(

LJm+nLT
)

NTV−T

)

− low

(

V̌−1M
(

YY T
)

MTV−T

)

− low

(

V̌−1M
(

YY T
)

V−T + Dm+n(V̌
−1M

(

YY T
)

V−T)TD−1
m+n

)

− low

(

V̌−1∆VJm+n(∆V )TV−T

)

. (4.16)

Implementing the Frobenius norm on (4.16) and utilizing (2.5), (2.6), and (2.1) lead to

∥

∥V̌−1∆VJm+n

∥

∥

F
6

√

1 + ζ 2
Dm+n

(∥

∥V̌−1N
(

LJm+nLT
)

V−T
∥

∥

F

+
∥

∥V̌−1M
(

YY T
)

V−T
∥

∥

F

)

+‖V̌−1N
(

LJm+nLT
)

NTV−T‖F +
∥

∥V̌−1M
(

YY T
)

MTV−T
∥

∥

F

+
∥

∥V̌−1∆VJm+n(∆V )TV−T
∥

∥

F

6

√

1 + ζ 2
Dm+n

∥

∥V̌−1
∥

∥

2

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖F +‖Y‖2

2‖M‖F

)

+
∥

∥V̌−1∆V
∥

∥

2

∥

∥V−1∆V
∥

∥

F

+
∥

∥V̌−1
∥

∥

2

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

)

. (4.17)
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Considering (4.14), (2.1), (4.6) and (4.7), we obtain

∥

∥V̌−1∆VJm+n

∥

∥

F
6(2 +

√
2)

√

1 + ζ 2
D

∥

∥V̌−1
∥

∥

2

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖F +‖Y‖2

2‖M‖F

)

+(2 +
√

2)
∥

∥V̌−1
∥

∥

2

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

)

, (4.18)

which, along with the fact that ‖Jm+n‖2 = 1 and the supporting proof

‖∆V‖F 6
∥

∥V̌V̌−1∆VJm+n

∥

∥

F
6 ‖V̌‖2

∥

∥V̌−1∆V
∥

∥

F
‖Jm+n‖2, by (2.1) (4.19)

shows the bound (4.8). �

To check the efficiency of bounds, let us prove that the bound (3.15) is significantly

sharper than (4.8). Taking into consideration [26, Corollary 3.4], for any Dm+n ∈ Dm+n

and X ∈ R
(m+n)×(m+n) , using (2.11) and (2.12), we obtain

‖QLM‖2 =

∥

∥

∥

∥

ℵlvec

(

J−T
m+n ⊗V

)(

Im+n ⊗D−1
m+n

)

(Im+n ⊗Dm+n)

×ℵlow

(

(

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π

)∥

∥

∥

∥

2

=

∥

∥

∥

∥

ℵlvec

(

Jm+n ⊗VD−1
m+n

)

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)∥

∥

∥

∥

2

by (2.12)

6
∥

∥VD−1
m+n

∥

∥

2

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)∥

∥

∥

∥

2

by (2.11)

=
∥

∥VD−1
m+n

∥

∥

2
max

‖vec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

vec(X)

∥

∥

∥

∥

2

. (4.20)

Taking into account (2.9), (2.2), (2.4), (2.5) and (2.1) yields

max
‖vec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV
−1

)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

vec(X)

∥

∥

∥

∥

2

= max
‖vec(X)‖2=1

∥

∥

∥

∥

ℵlow vec

(

Dm+nV−1X(LJm+nLT)V−T

+ Dm+nV−1(LJm+nLT)XTV−T

)∥

∥

∥

∥

2

by (2.9)
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= max
‖vec(X)‖2=1

∥

∥

∥
vec

(

low
(

Dm+nV−1X(LJm+nLT)V−T

+ Dm+n

(

Dm+nV−1X(LJm+nLT)V−T
)T

D−1
m+n

)

)

∥

∥

∥

2
by (2.2)

= max
‖X‖F=1

∥

∥

∥
low

(

Dm+nV−1X(LJm+nLT)V−T
)

+ Dm+nlow
(

Dm+nV−1X(LJm+nLT)V−T
)T

D−1
m+n

∥

∥

∥

F
by (2.4)

6 max
‖X‖F=1

√

1 + ζ 2
Dm+n

∥

∥Dm+nV−1X(LJm+nLT)V−T
∥

∥

F
by (2.5)

6

√

1 + ζ 2
Dm+n

∥

∥Dm+nV−1
∥

∥

2

∥

∥(LJm+nLT)V−T
∥

∥

2
. by (2.1) (4.21)

Hence, putting (4.21) into (4.20) gives

‖QLM‖2 6

(

inf
Dm+n∈Dm+n

√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

)

‖L‖2
2‖‖V−1‖2. (4.22)

Therefore, we can demonstrate that,

‖QY‖2 6

(

inf
Dm+n∈Dm+n

√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

)

‖Y‖2
2‖‖V−1‖2, (4.23)

‖RV‖2 6

(

inf
Dm+n∈Dm+n

κ
(

VD−1
m+n

)

)

∥

∥V−1
∥

∥

2
., (4.24)

(4.24) together with the fact κ
(

VD−1
m+n

)

> 1 and (4.22) indicates that the bound (3.15)

is absolutely tighter than (4.8).

REMARK 4.3. By ignoring the high-order terms, we can obtain a first-order mul-

tiplicative bound from (4.8):

‖∆V‖F 6 inf
Dm+n∈Dm+n

(√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

)

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖F +‖Y‖2

2‖M‖F

)

.

(4.25)

Obviously, from (4.22) and (4.23), we can check that the bound in Remark 3.2 is always

tighter than the (4.25).

THEOREM 4.4. With the same assumptions as in Theorem 4.1, we have

‖∆V‖F 6(2 +
√

2) inf
Dm+n∈Dm+n

(√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

)

×
(

∥

∥sut
((

LJm+nLT
)

V−T
)
∥

∥

2
‖N‖F +

∥

∥V−1
∥

∥

2
‖Y‖2

2‖M‖F

)

+(2 +
√

2) inf
Dm+n∈Dm+n

(

κ
(

VD−1
m+n

))

×
(∥

∥diag
((

LJm+nLT
)

V−T
)∥

∥

2
‖N‖F +

∥

∥V−1
∥

∥

2

(

‖L‖2
2‖N‖2

F +‖Y‖2
2‖M‖2

F

))

.

(4.26)
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Proof. Applying the symbols ’sut’, ’diag’ and ’slt’, low
(

V−1N
(

LJm+nLT
)

V−T +

V−1
(

LJm+nLT
)

NTV−T
)

can be rewritten as

low
(

V−1N
(

LJm+nLT
)

V−T +V−1
(

LJm+nLT
)

NTV−T
)

(4.27)

=V−1N diag
((

LJm+nLT
)

V−T
)

+ low
(

V−1N sut
((

LJm+nLT
)

V−T
)

+ slt
(

V−1
(

LJm+nLT
))

NTV−T
)

. (4.28)

Substituting (4.27) into (4.15) and then pre-multiplying it by Dm+n ∈ Dm+n and using

V = Dm+nV̌ , we have

V̌−1∆VJm+n

=V−1N diag
((

LJm+nLT
)

V−T
)

+ low

(

V−1N sut
((

LJm+nLT
)

V−T
)

+ Dm+n

(

slt
(

V−1
(

LJm+nLT
))

NTV−T
)

D−1
m+n

)

+ low

(

V̌−1N
(

LJm+nLT
)

NTV−T

)

− low

(

V̌−1M
(

YY T
)

MTV−T

)

− low

(

V̌−1M
(

YY T
)

V−T + Dm+n(V̌
−1M

(

YY T
)

V−T)TD−1
m+n

)

− low

(

V̌−1∆VJm+n(∆V )TV−T

)

. (4.29)

Hence, we get the bound (4.26) by applying the Frobenius norm to (4.29) and utilizing

(2.5),(2.6), (4.14), and (4.19).

Moving forward, we will show that the bound (3.21) is tighter than (4.26). By

using (3.18), we get

‖QLT‖2 6

∥

∥

∥

∥

(

J−T
m+n ⊗V

)(

Im+n ⊗D−1
m+n

)

(Im+n ⊗Dm+n)ℵlow

(

(

V−1(LJm+nLT)⊗V−1
)

+
(

V−1 ⊗V−1(LJm+nLT)
)

Π

)

ℵT
lvec

∥

∥

∥

∥

=

∥

∥

∥

∥

(

J−T
m+n ⊗VD−1

m+n

)

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

ℵT
lvec

∥

∥

∥

∥

by (2.12)

6
∥

∥VD−1
m+n

∥

∥

2
max

‖ lvec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

ℵT
lvec lvec(X)

∥

∥

∥

∥

2

. (4.30)
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We assume X is a lower triangular matrix. Obviously, we only take the lower triangular

part of X . As a result of using (2.2), (2.3), and (2.9), we get

max
‖ lvec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV−1
)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

ℵT
lvecℵlvec vec(X)

∥

∥

∥

∥

2

= max
‖ lvec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV
−1

)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

ℵlt vec(X)

∥

∥

∥

∥

2

by (2.3)

= max
‖ lvec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV
−1

)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

vec(lt(X))

∥

∥

∥

∥

2

by (2.2)

= max
‖ lvec(X)‖2=1

∥

∥

∥

∥

ℵlow

(

(

V−1(LJm+nLT)⊗Dm+nV
−1

)

+
(

V−1 ⊗Dm+nV−1(LJm+nLT)
)

Π

)

vec(X)

∥

∥

∥

∥

2

= max
‖ lvec(X)‖2=1

∥

∥

∥
ℵlow vec

(

Dm+nV−1X
(

V−1(LJm+nLT)
)T

+ Dm+nV−1(LJm+nLT)XTV−T
)
∥

∥

∥

2
by (2.9)

= max
‖ lvec(X)‖2=1

∥

∥

∥

∥

vec

(

low

(

Dm+nV−1X
(

V−1(LJm+nLT)
)T

+ Dm+nV−1(LJm+nLT)XTV−T

))∥

∥

∥

∥

2

by (2.2)

= max
‖ lvec(X)‖2=1

∥

∥

∥

∥

vec

(

low

(

Dm+nV−1X

(

sut
(

V−1
(

LJm+nLT
))T

+ Dm+n

(

slt
(

V−1
(

LJm+nLT
))

+ diag
(

V−1
(

LJm+nLT
))T

)

+ diag
(

V−1
(

LJm+nLT
))

)

XTV−T

))
∥

∥

∥

∥

2

. (4.31)

For any lower triangular matrix K , we have

low(K)+ low
(

KT
)

= K.

Therefore, if we set K ≡ Dm+nV−1X diag
((

LJm+nLT
)

V−T
)

, then

Dm+nV−1X diag
((

LJm+nLT
)

V−T
)

= low
(

Dm+nV−1X diag
(

V−1
(

LJm+nLT
))T

+ Dm+n diag
(

V−1
(

LJm+nLT
))

XTV−T
)

,
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which together with (4.31) and (4.30) implies

‖QLT‖2 6
∥

∥VD−1
m+n

∥

∥

2
max

‖ lvec(X)‖2=1

∥

∥

∥

∥

vec

(

Dm+nV−1X diag
((

LJm+nLT
)

V−T
)

+ low

(

Dm+nV−1X
(

sut
(

V−1
(

LJm+nLT
))T

)

+ Dm+n

(

slt
(

V−1
(

LJm+nLT
))

)

XTV−T

))
∥

∥

∥

∥

2

6
∥

∥VD−1
m+n

∥

∥

2
max

‖X‖F=1

∥

∥Dm+nV−1X diag
((

LJm+nLT
)

V−T
)∥

∥

F

+
∥

∥VD−1
m+n

∥

∥

2
max

‖X‖F=1

∥

∥

∥

∥

low

(

Dm+nV−1X
(

sut
(

V−1
(

LJm+nLT
))T

)

+ Dm+n

(

slt
(

V−1
(

LJm+nLT
))

)

XTV−T

)∥

∥

∥

∥

F

.

With the help of (2.5), we get

‖QLT‖2 6κ
(

VD−1
m+n

)

∥

∥

∥

∥

diag
((

LJm+nLT
)

V−T
)

∥

∥

∥

∥

2

+ max
‖X‖F=1

∥

∥

∥

∥

low

(

Dm+nV−1X(sut((LJm+nLT)V−T))

)

+ Dm+n

(

low (Dm+nV−1X(sut((LJm+nLT)V−T))

)T

D−1
m+n

∥

∥

∥

∥

F

6κ
(

VD−1
m+n

)

∥

∥

∥

∥

diag
((

LJm+nLT
)

V−T
)

∥

∥

∥

∥

2

+
√

1 + ζ 2
Dm+n

∥

∥VD−1
m+n

∥

∥

2
max

‖X‖F=1

∥

∥

∥

∥

(

Dm+nV−1X(sut((LJm+nLT)V−T))

)
∥

∥

∥

∥

F

6κ
(

VD−1
m+n

)

∥

∥

∥

∥

diag
((

LJm+nLT
)

V−T
)

∥

∥

∥

∥

2

+
√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

∥

∥

∥

∥

(

sut(LJm+nLT)V−T
)

∥

∥

∥

∥

2

. (4.32)

This result together with the fact κ
(

VD−1
m+n

)

> 1 and (4.23) illustrates that the bound

(3.21) is significantly smaller than (4.26). �

REMARK 4.5. By neglecting the high-order terms, we can derive a first-order

multiplicative bound from (4.26):

‖∆V‖F 6 inf
Dm+n∈Dm+n

(√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

)(

∥

∥sut
((

LJm+nLT
)

V−T
)∥

∥

2
‖N‖F

+
∥

∥V−1
∥

∥

2
‖Y‖2

2‖M‖F

)

+ inf
Dm+n∈Dm+n

(

κ
(

VD−1
m+n

))(∥

∥diag
((

LJm+nLT
)

V−T
)∥

∥

2
‖N‖F

)

. (4.33)
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From (4.32) and (4.23), it is easy to check that the bound in Remark 3.4 is tighter than

(4.33), when W = Im+n + N is assumed to be a lower triangular matrix.

5. Numerical results

In this section, we provide three numerical examples to illustrate the results de-

rived in Sections 3–4. We use an algorithm from [1] to obtain the generalized Cholesky

factors L and V in (1.3). All numerical experiments are performed by using Matlab

2018a.

EXAMPLE 5.1. In first example, we compare the strong and weak multiplicative

perturbation bounds. Let A = [ai j] = Pm + Im ∈ R
m×m where Pm = [pi j] is the Pas-

cal matrix, (i.e., p1 j = pi1 = 1, pi j = pi( j−1) + p(i−1) j) , B = [bi j] = 0.7 ∗ [max(i, j)] ∈
R

n×m and C = (ci j) ∈ R
n×n is the Lehmar matrix, (i.e.,ci j = i/ j for j > i) , Jm+n =

diag(Im,−In) and Y = PΛPT , where P ∈ R
(m+n)×(m+n) is an orthogonal matrix taken

from the QR factorization, Λ = diag(d,d, . . . ,d) ∈ R
(m+n)×(m+n) with d = 0.02. From

[11], the scaled matrix Dm+n is denoted as follows: suppose ζ1 =
√

∑m+n
j=1 f 2

1 j , ζi =
√

∑m+n
j=i f 2

i j if
√

∑m+n
j=1 f 2

i j 6 ζi−1 otherwise ζi = ζi−1 , for i = 2, . . . ,m+n , F = ( fi j) =

V T .

Table 1: Results for various values of n, m and k
n,m,k 5,5,10 10,10,20 13,12,25 18,12,30 20,20,40 40,10,50

‖QLM‖2 4.1503 13.0342 26.3812 39.3403 52.5054 87.4032

t‖QLM‖2
0.011385 0.014349 0.039375 0.497504 2.567943 9.750072

γ11 32.9031 190.1043 530.2156 6.5214e+02 2.5475e+03 5.6403e+03

tγ11
0.014312 0.015310 0.016385 0.018066 0.015910 0.019883

‖QY ‖2 0.1832 0.2072 0.3702 0.5361 1.0945 1.7304

t‖QY ‖2
0.014291 0.021533 0.028610 0.169868 3.543310 13.918751

γ12 0.4732 3.1903 9.0704 39.1204 67.0123 124.2617

tγ12
0.011736 0.014821 0.015570 0.016765 0.015092 0.019160

‖QLT ‖2 2.0145 3.1026 3.5017 3.7102 3.9143 4.9813

t‖QLT ‖2
0.015054 0.019183 0.029361 0.182677 0.577617 3.769436

γ13 8.0537 21.7241 33.2653 59.4293 83.3427 162.3076

tγ13
0.015381 0.017907 0.017463 0.015684 0.018650 0.019702

‖RV‖2 11.3821 26.4376 51.0436 132.3054 174.3076 294.2643

t‖RV ‖2
0.016202 0.015268 0.022487 0.014396 0.015743 0.017608

γ14 23.0543 146.0354 397.0548 3.4256e+02 7.5473e+02 3.7354e+03

tγ14
0.014631 0.017183 0.016836 0.016179 0.015437 0.019326

‖RY‖2 0.2537 0.3741 0.7451 1.5803 3.5071 4.9644

t‖RY ‖2
0.015494 0.015406 0.013707 0.016474 0.014801 0.015409

γ15 0.4322 1.3605 6.8065 31.7402 59.4223 95.7733

tγ15
0.014988 0.015179 0.014046 0.019076 0.016228 0.019694

Moreover, in Table 1, we denote

γ11 =
√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

‖L‖2
2

∥

∥V−1
∥

∥

2
, γ12 =

√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)

‖Y‖2
2

∥

∥V−1
∥

∥

2
,

γ13 = κ
(

VD−1
m+n

)

(

∥

∥diag
((

LJm+nLT
)

V−T
)∥

∥

2
+

√

1 + ζ 2
Dm+n

∥

∥slt
((

LJm+nLT
)

V−T
)∥

∥

2

)

,
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γ14 = κ
(

VD−1
m+n

)

‖L‖2
2

∥

∥V−1
∥

∥

2
, γ15 = κ

(

V D−1
m+n

)

‖Y‖2
2

∥

∥V−1
∥

∥

2
,

and t(.) denote the time cost in seconds for computing the bounds (3.15), (3.21), (4.8),

(4.26).

From Table 1, we can see that the strong rigorous multiplicative perturbation

bounds (3.15) and (3.22), the rows marked by ‖QLM‖2 , ‖QY‖2 , ‖QLT‖2 , ‖RV‖2 ‖L‖2
2

and ‖RV ‖2 ‖Y‖2
2 are always tighter than the weak rigorous multiplicative perturbation

bounds (4.8) and (4.26), the rows marked by γ11,γ12,γ13,γ14 and γ15 . In addition, we

can also observe that it is indeed more expensive to estimate the bounds (3.15) and

(3.22); compare the rows marked by tγ11
, tγ12

, tγ13
, tγ14

and tγ15
.

EXAMPLE 5.2. The test matrix K1 and K2 are set to be

K1 =













70 70 70 3 3

70 90 100 7 9

70100200 13 17

3 7 13 −20−56

3 9 17 −56−80













, K2 =













2.4957 −0.9922 0.9008 −1.0195−0.3655

−0.9922 2.4957 −0.9922 0.9008 −1.0195

0.9008 −0.9922 2.4957 −0.9922 0.9008

−1.0195 0.9008 −0.9922−2.4957 0.9922

−0.3655−1.0195 0.9008 0.9922 −2.4957













,

here Y = µ
[

0.240 −0.899 0.899 1.560 −2.390
]T

and J3+2 = diag(I3,−I2) .

Table 2: Results for various values of µ

ω
Test

matrices
µ1 µ2 µ3 µ4 µ5 µ6

‖QLM‖2 K1 1.2903 1.2903 1.2903 1.2904 1.2904 1.2904

K2 1.5214 1.5214 1.5214 1.5215 1.5215 1.5215

γ11 K1 1.2643e+02 1.2643e+02 1.2872e+02 1.7642e+02 1.7642e+02 1.7642e+02

K2 1.4453e+02 1.4453e+02 1.4467e+02 1.9362e+02 1.9362e+02 1.9362e+02

‖QY‖2 K1 2.2632 2.2580 2.2531 0.0232 3.3227e-04 4.2827e-06

K2 2.5214 2.5112 2.5034 0.3204 5.3097e-04 7.3437e-06

γ12 K1 3.9126 3.9042 2.9959 1.4420 4.8028e-02 4.7028e-04

K2 5.8632 5.8436 5.6209 1.8062 9.9201e-02 8.7403e-03

‖QLT ‖2 K1 1.1357 1.1357 1.1357 1.1357 1.1357 1.1357

K2 1.4792 1.4792 1.4792 1.4792 1.4792 1.4792

γ13 K1 76.1082 76.3042 76.6201 77.3321 77.4508 77.6902

K2 84.1376 84.4201 84.4853 85.0675 85.3065 85.3457

‖RV‖2 K1 7.3214e+01 7.3214e+01 7.5326e+01 7.5422e+01 7.6402e+01 7.6402e+01

K2 9.3053e+01 9.3053e+01 9.4467e+01 9.4761e+01 9.9502e+01 9.9502e+01

γ14 K1 1.1643e+02 1.1643e+02 1.1872e+02 1.6642e+02 1.6642e+02 1.6642e+02

K2 1.3453e+02 1.3453e+02 1.3467e+02 1.8362e+02 1.8362e+02 1.8362e+02

‖RY ‖2 K1 0.7861 0.7835 0.6328 0.3116 1.2092e-03 1.0453e-05

K2 0.9861 0.9835 0.8328 0.5116 1.1654e-02 1.1921e-04

γ15 K1 3.6126 3.6042 2.9059 1.0420 3.2028e-02 3.2028e-04

K2 5.5632 5.5436 5.3209 1.2062 5.9201e-02 5.7403e-03

Table 2 provides the numerical results for various values of µ ’s, as follows:

µ1 = 1.004015006005433e−2, µ2 = 1.003021021209640e−2,
µ3 = 9.036225416303058e−3, µ4 = µ3e−1, µ5 = µ3e−3, µ6 = µ3e−5.
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From Table 2, we can find that the strong multiplicative perturbation bounds (3.15)

and (3.21) are always less than the weak multiplicative perturbation bounds (4.8) and

(4.26), where γ11,γ12,γ13,γ14 and γ15 are given in the previous example. Furthermore,

Tables 1 and 2 show that when the multiplicative perturbation matrix W = Im+n + N

is set to be a lower triangular matrix, the strong and weak multiplicative perturbation

bounds for the GCBD problem are smaller than the corresponding ones when the matrix

W = Im+n + N is set to be a general matrix.

EXAMPLE 5.3. Let

L =





















1 0 0 0 0 0 0

−e 1 0 0 0 0 0

−e −e 1 0 0 0 0

−e −e −e 1 0 0 0

−e −e −e −e 1 0 0

−e −e −e −e −e 1 0

−e −e −e −e −e −e 1





















diag
(

1,δ ,δ 2,δ 3,δ 4,δ 5,δ 6
)

,

Y = µ





















0.240

−0.899

0.899

1.360

−2.190

1.560

2.301





















, J4+3 = diag(I4,−I3) ,

where e = 0.98 and δ =
√

1− e2 . From [11, 12], we have the following strong and

weak additive rigorous perturbation bounds respectively:

GLG = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1 ⊗V−1LJm+n

)

Π +
(

V−1LJT
m+n ⊗V−1

))

,

GY = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1 ⊗V−1Y
)

Π +
(

V−1Y ⊗V−1
))

,

HV = ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

(

V−1 ⊗V−1
)

,

GLT =
(

ℵlvec

(

J−T
m+n ⊗V

)

ℵlow

((

V−1 ⊗V−1LJm+n

)

Π +
(

V−1LJT
m+n ⊗V−1

)))

ℵT
lvec ,

and

β11 =
√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)∥

∥V−1L
∥

∥

2
, β12 =

√

1 + ζ 2
Dm+n

κ
(

VD−1
m+n

)∥

∥V−1Y
∥

∥

2
,

β13 = κ
(

VD−1
m+n

)

(

∥

∥diag
(

V−1L
)∥

∥

2
+

√

1 + ζ 2
Dm+n

∥

∥slt
(

V−1L
)∥

∥

2

)

,

β14 = κ
(

VD−1
m+n

)
∥

∥V−1
∥

∥

2
.

In this example, we compare the additive and multiplicative rigorous perturbation

bounds for different values of µ ’s, which are given above. From Table 3, we can clearly

observe that the strong and weak multiplicative bounds ‖QLM‖2 , ‖QY‖2 , ‖QLT‖2 ,
‖RV‖2 , and γ11 , γ12 , γ13 , γ14 are tighter than the strong and weak additive perturbation
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Table 3: Comparison of additive and multiplicative rigorous perturbation bounds
ω µ1 µ2 µ3 µ4 µ5 µ6

‖QLM‖2 2.2997 2.2996 2.2983 2.2981 2.2981 2.2981

‖GLG‖2 12.6871 12.6871 12.6871 12.6871 12.6871 12.6871

‖QY ‖2 21.4490 21.0468 9.0424 0.0592 5.4072e-06 5.9131e-10

‖GY ‖2 43.2302 43.6391 26.3015 1.8391 6.3261e-02 7.2604e-03

‖QLT ‖2 1.3628 1.3628 1.3628 1.3628 1.3628 1.3628

‖GLT ‖2 2.5943 2.5943 2.5943 2.5943 2.5943 2.5943

‖RV‖2 46.3491 46.3491 48.3607 48.3607 57.5203 57.7287

‖HV‖2 89.6343 89.6343 92.7343 92.9807 98.8408 98.8626

γ11 8.0674e+02 8.2665e+02 8.5674e+02 8.5832e+02 8.7609e+02 8.9612e+02

β11 1.4553e+03 1.4597e+03 1.6138e+03 1.6234e+03 1.9721e+03 1.9860e+03

γ12 46.5435 45.6645 19.4237 1.1456 1.2537e-03 1.2537e-06

β12 1.4806e+03 1.4540e+03 686.5176 44.3787 0.4431 0.1434

γ13 35.0578 35.0389 35.0104 17.1122 17.1307 17.1307

β13 106.3003 104.3310 47.1390 37.2814 37.1612 37.1612

γ14 5.3607e+02 5.3607e+02 5.4241e+02 5.4241e+02 5.7437e+02 5.8327e+02

β14 1.2062e+03 1.2062e+03 1.2938e+03 1.2938e+03 1.6072e+03 1.6849e+03

bounds ‖GLG‖2 ,‖GY‖2 ,‖GLT‖2 , ‖HV‖2 , and β11 , β12 , β13 , β14 respectively. The

multiplicative perturbation bounds are useful to estimate the tighter bounds since the

matrix is significantly ill-conditioned.
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